We study the impact of assumptions made about the neutrino mass ordering on cosmological parameter estimation with the purpose of understanding whether in the future it will be possible to infer the specific neutrino mass distribution from cosmological data. We find that although the commonly used assumption of a degenerate neutrino hierarchy is manifestly wrong and leads to changes in cosmological observables such as the cosmic microwave background and large scale structure compared to the correct (normal or inverted) neutrino hierarchy, the induced changes are so small that even with extremely optimistic assumptions about future data they will remain undetectable. We are thus able to conclude that while cosmology can probe the neutrino contribution to the cosmic energy density extremely precisely (and hence provide a detection of a non-zero total neutrino mass at high significance), it will not be possible to directly measure the individual neutrino masses.
The neutrino mass sum as a function of the lightest neutrino mass for the inverted hierarchy (blue) and for the normal hierarchy (red). The regions that are currently disfavored at the 95%CL by Planck 2018 (under the assumption of a minimal 7-parameter cosmology) [1] are shown for TT,TE,EE+lowE (dim gray) and for TT,TE,EE+lowE+lensing+BAO (light grey). The purple area depicts the sensitivity of Planck+Euclid to a neutrino mass sum of 0.06 eV from Ref. [30] (σ( m ν ) = 0.02 eV). Notice that the Euclid sensitivity can be further improved by including intensity mapping from future 21 cm radio telescopes such as the Square Kilometre Array [30] [31] [32] or by adding higher order statistics [33, 34] . The green solid vertical line reflects the recent KATRIN bound [35] , assuming m β = lightest m ν , as the bounds are still in the degenerate region. The green dashed vertical line represents the KATRIN expected sensitivity. massless neutrinos: the latter approximations lead to observables significantly different from the true ones, as pointed out in several papers since Ref. [21] (figure 4).
As mentioned above, when the current bound on Ω ν h 2 is translated into a bound on the neutrino mass, current data give a bound of m ν < ∼ 0.1 eV, where the sum runs over all currently non-relativistic states.
Recent global analyses of oscillation data, such as NuFit 4.0 [29] , provide the following best-fit values for the standard model neutrino mass splittings: Here, the value for ∆m 2 21 is applicable to both the normal hierarchy (NH, m 3 > m 2 > m 1 ) and the inverted hierarchy (IH, m 2 > m 1 > m 3 ), while the other values are for NH and IH, respectively.
As can be seen from Fig. 1 , the upper bound from cosmology is close to the minimum allowed by the inverted hierarchy, and therefore cosmology, when combined with oscillation data, shows a mild preference for the normal hierarchy over the inverted hierarchy [3] (see however Ref. [36] ). However, this is almost entirely due to prior volume effects, i.e. the inverted hierarchy cuts away a significant portion of the preferred parameter space for cosmology. Current cosmological data do not have the precision to probe the exact neutrino mass distribution [37] , and any information on the neutrino mass splittings and hierarchy must come from a combination with other (oscillation) data [28, 38] .
However, a question of significant interest is whether cosmology can ever achieve the level of precision necessary to probe the exact neutrino hierarchy, and a more detailed investigation of this question is indeed the purpose of this paper. The question has previously been addressed in, e.g., Refs. [21-23, 26, 39-43] , but here we want to study it focussing on the underlying physics, and using full Markov Chain Monte Carlo parameter estimation techniques on synthetic data sets both with updated specifications about forthcoming surveys, and for futuristic surveys.
In Section 2 we will outline the physical differences induced by the exact neutrino mass distribution, both at the background and at the perturbation level, as well as in the cosmological observables. We will then in Section 3 proceed to look into forecasts using a variety of different cosmological probes, either forthcoming or suggested for the longer term future. In Section 4 we provide a discussion and our conclusions.
Physical effects of the neutrino mass splitting
The presence of neutrinos influences both the background expansion rate and the growth of perturbations. In order to assess the impact made by the choice of neutrino mass ordering we shall consider the following setup: We assume that for NH m ν = 0.06 eV, while for IH m ν = 0.10 eV, i.e. values close to the minimal ones of each hierarchy. The resulting mass distribution are: NH : (m 1 = 0.001075, m 2 = 0.008663, m 3 = 0.050261) eV (2.1)
We compare each hierarchy with its own degenerate case, i.e. DH implies m ν = 3 × 0.02 (m D ≡ m ν /3 = 0.02 eV) for NH and m ν = 3 × 0.0333 (m D = 0.0333 eV) for IH. We keep the other cosmological parameters (ω b , ω cdm , H 0 , n s , A s , τ reio ) fixed. Notice that here we keep the Hubble constant H 0 fixed, rather than fixing the angular scale of the sound horizon at recombination θ s , because we want to investigate the impact on the low redshift background probes independently on the CMB constraints. Later in Section 3 the combined forecast of CMB + LSS will use θ s as free parameter, rather than H 0 .
Changes to background quantities
It is of interest to check the difference between hierarchical and degenerate neutrinos with the same contribution to the asymptotic late-time density, i.e. with m ν equal in the two cases. In terms of the background expansion rate the quantities of interest are the neutrino energy density, ρ, which enters the Friedmann equation, and the quantity ρ + 3P , which enters the acceleration equation.
In terms of the energy density the ratio is given by and for the quantity ρ + 3P we have
.
In Fig. 2a we plot 1 these two ratios as a function of the scale factor, while Fig. 2b shows the ratio of the total density (summed over baryons, dark matter, neutrinos, photons and Λ) for the same models. In order to fix the timeline, we remind the reader that the redshift of the non-relativistic transition is given by a nr /a 0 5.3 × 10 −4 (1 eV/m i ), and than neutrinos with m i 0.6 eV go non-relativistic after recombination. As can be seen, it is always the case that energy density and pressure is higher for NH or IH than for DH during the transition from relativistic to non-relativistic, while in both the T → ∞ and the T → 0 limit they asymptote to the same values. We would therefore expect the effect of the NH, IH versus DH treatment to primarily show up during this period. Since photon decoupling occurs at a/a 0 ∼ 10 −3 , effects on the CMB primary signal should be minimal, while effects on structure formation should accumulate during the transition.
The NH model and its equivalent DH model start to differ when NH has one neutrino becoming non-relativistic while DH has none. Instead, the IH model and its DH equivalent start to differ when IH has two neutrinos becoming non-relativistic while DH has none. Thus, at early times, the IH/DH density ratio is larger than the NH/DH density ratio (both in terms of neutrino density only and in terms of total density). This appears as a small feature in Fig. 2a , but it is better seen in Fig. 2b for a/a 0 ≤ 10 −2 . Indeed, when neutrinos are nonrelativistic, they only enhance the total matter density by a very small amount, of the order of Ω i ν (where i ∈ 1, 2, 3 is the index of mass eigenstates); but when they are still relativistic, like at the beginning of matter domination, they enhance it much more, by a factor of order (a i nr /a)Ω i ν . Thus, the differences appearing between the various models at early times have more weight in the evolution of the total density than the differences appearing at late times. The fact that the IH/DH total density ratio is slightly larger than the NH/DH one for a long period of time will play a role in the discussion of the next sections.
Free-streaming scales
There are several definitions of the neutrino-free streaming scales in the literature.
• The Free-Streaming Horizon (FSH) is the maximum distance over which free-streaming neutrinos can travel between their decoupling and today. It derives from an integral over the neutrino velocity (see e.g. [8, 46] ), and it can be associated to a wavenumber k FSH . Physically, it gives the largest wavelength at which perturbations are potentially affected by neutrino free-streaming effects.
• The instantaneous Free-Streaming (FS) length is a quantity similar to the Jeans length of a fluid,
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that defines the region in which neutrino perturbations decay: thus it also gives an indication on where and when the growth rate of CDM perturbations is reduced. It can be associated to a function k FS (z), that has a turnover at the time of the neutrino non-relativistic transition. The quantity k FS (z = 0) is much larger than k FSH and is a good approximation for the scale at which neutrino free-streaming effects saturate in the linear matter power spectrum at redshift zero.
• Finally, the free-streaming scale evaluated at the redshift of the neutrino non-relativistic transition z NR gives a proxy for the free-streaming horizon. It is associated to the minimum free-streaming wavenumber k NR = k FS (z NR ).
In Fig. 3 we show the instantaneous free-streaming scale k FS (z) (defined as in Eq. (2.5) where c s is the neutrino sound speed) for each neutrino species, for the four NH, IH and DH models considered in this discussion. In each model, the most important role is played by the smallest free-streaming length, i.e. the one associated to the heaviest eigenstate, shown on the plot with solid lines for each model.
Changes to perturbations
To understand the impact of the different scenarios, we can concentrate on the equation of evolution of CDM density fluctuations in the Newtonian gauge,
(see e.g. [5] [6] [7] [8] ). The three terms on the right-hand side account respectively for
• gravitational forces, which are responsible for gravitational clustering and for the growth of δ cdm on sub-Hubble scales;
• Hubble friction, which slows down gravitational clustering (because all distances between overdensities get stretched by the expansion);
• local density dilation effects (since φ represents a local modulation of the scale factor). 
Since the CDM and baryon background densities are identical in all models, the difference between NH, IH and DH only shows up at the level of the Hubble friction term. We have seen in Fig. 2b that in the redshift range 0 < z < 1000, the total background density gets slightly enhanced in the NH model, and even more in the IH model. This applies also to the expansion rate and to the Hubble friction term, since 3(a /a) 2 = 8πGa 2ρ tot . Thus, for 0 < z < 1000, the growth rate of δ cdm gets reduced in the NH case, and even more in the IH case. This is exactly what we observe in Fig. 4a . Fig. 4b shows the evolution of a mode in the opposite limit of a very large wavelength, k = 10 −3 h Mpc −1 , that is still slightly above the Hubble radius at z = 0. In this case, an important role is played by the dilation term of Eq. (2.6). On super-Hubble scales, φ varies each time that the equation of state of the universe changes. Thus the dilation term of Eq. (2.6) triggers a small variation of all matter fluctuations (of CDM, baryons, neutrinos) each time that a neutrino species becomes non-relativistic. Since the NH, DH and IH models feature several such transitions at redshifts between z ∼ 100 and z ∼ 0, δ cdm has a small evolution even on super-Hubble scales during matter domination, that is different for each To get a summary of all differences in the evolution of each mode, we show in Fig. 4c the ratio of the CDM perturbations δ cdm (z, k) as a function of k at different redshifts 0 < z < 1000. Since the effect of the dilation term on the behavior of large wavelengths is rather complicated, we also present in Fig. 4d a version of the same plot obtained after modifying the equation of evolution of CDM perturbations in the Boltzmann code: we removed the dilation term from Eq. (2.6). In that case, the situation is clear:
• on super-Hubble scales, the perturbations are identical in the NH/IH/DH case;
• on sub-Hubble scales, they are suppressed in the NH case, and even more in the IH case; since this suppression is caused by the excess of Hubble friction in the redshift range • on top of this, a bump appears after z ∼ 30 around the scale k = 4 × 10 −3 h Mpc −1 ; it keeps increasing with time, such that at z = 0 fluctuations on these scales are larger in the DH case than in the NH/IH cases. This behavior affects the scales that lay between the shortest free-streaming length of the NH/IH model and that of the equivalent DH model, located precisely around k = 4 × 10 −3 h Mpc −1 according to Fig. 3 . In this range, in the NH/IH case, the wavelength never enters into the neutrino free-streaming region, and CDM clusters as fast as in a massless model; while in the equivalent DH case, wavelengths do enter into this region, and the CDM growth rate is slightly reduced. At small redshift and near k = 10 −2 h Mpc −1 , this effect wins over that of the Hubble friction, and the ratio of CDM perturbations gets inverted.
In Fig. 4c , the full equation has been used, including the dilation term. The picture is identical on all small (and in principle observable) wavelengths, while at very large scales, the behavior becomes more complicated due to dilation effects at each neutrino non-relativistic transition.
In Fig. 5 , we show the ratio of the total matter power spectrum P m (k, z = 0) in the NH/IH versus DH model at redshift zero, as well as the ratio of the CDM plus baryon component only, P cb (k, z = 0). The latter behaves like the square of the CDM transfer function δ cdm (k, z = 0), while the former has a larger bump on scales close to k = 10 −2 h Mpc −1 . Indeed, since this scale is the one above which neutrino perturbations are not suppressed by free-streaming, it is also the one above which the total matter power spectrum receives contributions from both the neutrino and the CDM+baryon components. In the ratio of transfer functions, the neutrino component δ ν also has a bump, since on intermediate scales neutrinos are clustered in the NH/IH model and suppressed in the DH model. In the ratio of total matter power spectra, the bumps of the CDM+baryon and neutrino components add up and get squared, and the total ratio reaches about 0.25%. On smaller scales, the suppression induced by the additional Hubble friction is around -0.30%.
Changes to the CMB observables -with and without lensing
Given our previous considerations on background quantities and perturbations, we now discuss the impact on the observables, starting from the CMB. Figure 6 : Fig. 6a : Ratios of the unlensed C between NH (red) or IH (blue) and DH for m ν = 0.06 eV and m ν = 0.10 eV, respectively, and between IH and NH (yellow) for m ν = 0.10 eV. The grey shaded area represents cosmic variance. Fig. 6b : Same as Fig. 6a , but now including lensing.
In Fig. 6a we show the ratio of the unlensed angular power spectra of temperature (T), E-mode polarization (E), and lensing potential (φ) between the hierarchies (NH and IH) and the degenerate case (DH) with the same total mass (0.06 eV for NH and 0.10 eV for IH). First of all notice that the variations are well within cosmic variance, and, thus, unobservable. The oscillatory behavior is due to a shift in the position of the CMB peaks, mainly caused by the variation of the angular diameter distance that follows the change in the background expansion at intermediate redshifts (see Fig. 2 ). The amplitude of the oscillations is larger for polarization than for temperature, because the polarization spectrum only comes from acoustic oscillations on the last scattering surface, and receives no corrections from, e.g., the Doppler effect. Since the lensing potential spectrum follows the trend of the matter power spectrum up to a smoothing kernel from Fourier to multipole space, the spectrum C φφ l is suppressed on small scales for IH and NH compared to the equivalent DH models: thus there is slightly less CMB lensing in the hierarchical cases.
In Fig. 6b we show the ratio of the lensed angular power spectra of temperature (T), E-mode polarization (E) and B-mode polarization (B) for the same models. Since in the first place, the peaks are smoothed in the lensed spectra compared to the unlensed ones, the shift induced by the different neutrino splittings produces oscillations with a smaller amplitude. For the B-mode spectra, the small oscillations are combined with an overall reduction of power in the NH/IH case. Indeed, in the absence of primordial tensor modes, the BB spectrum comes from a leakage from E-modes to B-modes induced by CMB lensing. The NH/IH models feature less CMB lensing and thus less leakage into the BB spectrum.
Finally, the yellow lines in Fig. 6a and in Fig. 6b show the ratio between the two hierarchies with the same total mass ( m ν = 0.10 eV). Notice that this ratio is smaller that the one between NH and DH (or IH and DH), with a reduction of the deviation visible mainly in the power spectra of lensing potential and of B-mode polarization. We will go back to this point in the next section.
Changes to the LSS observables -galaxy clustering and weak lensing
We now turn our attention to the impact of the neutrino mass ordering on the LSS observables, which we expect to be more pronounced than on the CMB spectra. Figure 7 : Fig. 7a : Relative difference in the galaxy power spectrum along the line of sight (µ = 1) for NH versus DH with m ν = 0.06 eV (red), IH versus DH with m ν = 0.10 eV (blue), and IH versus NH with m ν = 0.10 eV (yellow), and for redshift bins centered on z mean = 0.75 (solid lines) and z mean = 1.95 (dashed lines). We also show the observational error (light grey shade for z mean = 1.95 and dim grey shade for z mean = 0.75). Fig. 7b : Relative difference in the cosmic shear angular power spectrum for the first and last redshift bin, assuming flat-sky and Limber approximations. The correspondence between models and colors is the same as in Fig. 7a . The observational error for the last redshift bin is depicted in dim grey, while the one related to the first redshift bin spans the whole y-axis (light grey).
The two main LSS observables of a future photometric and spectroscopic survey like Euclid [47, 48] are galaxy clustering and weak lensing. Galaxy clustering is modeled as a galaxy power spectrum P g (k, µ, z), where µ is related to the angle between the line of sight and the direction in which the power spectrum is measured. The galaxy spectrum is related to the CDM and baryon only power spectrum P cb (k, z) up to various correction factors (scaleindependent linear bias [49] [50] [51] , redshift-space distortions, resolution effects, etc.). Weak lensing is instead modeled as an angular power spectrum C ij with a source function given by the convolution of the matter power spectrum P m (k, z) with a window function depending on the galaxy distribution in the i redshift bin. Figs. 7a and 7b show the deviations of the hierarchies (NH -red and IH -blue) with respect to their respective reference DH cases in terms of P g (k, µ, z) and C ij . We see less power in the NH and IH cases, which reflects the relative suppression of the total and CDM+baryon power spectra seen in Fig. 5 . The shape of the step-like suppression is more evident in Fig. 7a than in Fig. 7b because the convolution of the matter power spectrum with the window function redistributes power at different scales. For this reason, there is even a small relative increase in power in the shear angular power spectrum at very low : this is related to the bump in the matter power spectrum (Fig. 5 ) caused by the different free-streaming scales in the various models. Besides the step-like suppression, there is a further dip at scales ∼ 1Mpc −1 . This additional suppression is due to the non-linear effects embedded in P cb (k, z) [52] for P g (k, µ, z) , and in P m (k, z) [53] for C ij . Non-linear effects are indeed sensitive to the change in the background caused by the different distribution of the total neutrino mass among the mass eigenstates.
The grey shades of Fig. 7a and of Fig. 7b depict the observational errors expected for a future Euclid-like survey 2 . The relative difference between NH/IH and DH in terms of weak lensing angular power spectrum is well below the observational error. On the contrary, in the galaxy power spectrum, the relative difference between NH/IH and DH, although very small (∼ 0.4%), exceeds the observational error. Thus, one could naively think that it might be detectable. However, the signal is located at scales where theoretical uncertainties dominate over the observational error. Indeed, at such small scales the clustering is non-linear and baryonic effects start to take over (∼ 10% at k ∼ 0.7 Mpc −1 ). Poor knowledge of these effects (among others) makes the modeling of P g with a ∼ 0.1% accuracy impossible 3 , and so is the detection of such tiny neutrino mass hierarchy effect. Fig. 7a and Fig. 7b also show the ratio of the observables between the IH and the NH cases with the same total mass m ν = 0.10 eV. As we already noticed in the previous section for the CMB spectra, the difference between these cases is even smaller than the one between NH and DH (or IH and DH) with the same total mass set to the minimum of each hierarchy. Thus, if cosmology is not sensitive to the difference between NH (or IH) and DH, it will not be able to tell the difference between NH and IH.
Finally, here we do not discuss galaxy bias, whose scale dependence can be considered as a signature of the individual neutrino masses. Anyhow, Refs. [56, 57] have recently demonstrated that even neutrino bias is not sensitive to the specific mass hierarchy (see however Ref. [58] ).
Cosmological parameter estimation and evidence
The aim of our analysis is to investigate if (and how) cosmological surveys in the near or distant future will ever be able to detect the neutrino mass hierarchy. More specifically, in the remainder of the paper we will try to answer the following question: Will cosmology ever be sensitive to the difference in the signature of NH/IH cases with respect to the DH case that we have just discussed?
To address this question, we produce synthetic datasets according to a fiducial cosmology with either NH or IH (fiducial parameter values are given in Tab. 1). We then fit the mock data with a Bayesian parameter inference algorithm, assuming the same cosmology, but either with the correct neutrino mass hierarchy (NH or IH) or with neutrinos degenerate in mass (DH). This strategy was already used in [59] and in section 7.1 of [22] to evaluate the parameter reconstruction bias induced by wrong neutrino mass splitting assumptions, but here we will also compute Bayesian evidence ratios to show whether it is possible to discriminate between the correct hierarchy and the DH approximation. Notice that, unlike in Section 2, we choose some values of the fiducial total mass slightly larger than the minimum ω b ω cdm 100θ s ln(10 10 A s ) n s z reio m ν (NH) eV m ν (IH) eV 0.02218 0.1205 1.04146 3.0560 0.9619 8.24 0.10 0.15 Table 1 : Fiducial values for the free cosmological parameters. Notice that the corresponding derived parameters are Ω m = 0.325 and σ 8 = 0.8096 for NH, and Ω m = 0.330 and σ 8 = 0.7980 for IH.
mass of each hierarchy. This choice allows to recover two-sided posteriors on the total mass not just for DH, but also for NH and IH. We devise three cases, always combining future CMB data (CMB) with future weak lensing photometric observations (WL), future spectroscopic galaxy clustering surveys (GC), and neutral hydrogen 21-cm intensity mapping (IM).
Realistic: This case roughly corresponds to the case CMB-S4+LiteBIRD+Euclid+SKA1-IM-B2 of Ref. [32] . Concerning CMB-S4 [60, 61] and LiteBIRD [62, 63] we use the same assumptions of Ref. [61] , i.e., LiteBIRD for ≤ 50, CMB-S4 for > 50 over 40% of the sky, and LiteBIRD in the remaining 30% of the sky. For the Euclid-like survey, weak lensing and galaxy clustering, as well as for SKA phase 1 intensity mapping band 2, we use the same specifications of the realistic case of Ref. [30] . Concerning galaxy clustering and intensity mapping we model the 3D signal including Alcock-Paczynski effect, redshift space distortions and fingers of God. We include non linear corrections from Halofit [52] and a theoretical error parameterizing our uncertainty on it, as well as on baryonic feedback and scale dependent bias. For Euclid-like galaxy clustering we use 13 redshift bins spanning the range 0.7 < z < 2.0, while SKA phase 1, band 2 (operating in single dish mode) intensity mapping allows to cover the low redshift range 0.05 < z < 0.45. For Euclid-like cosmic shear the signal is projected into a 2D angular power spectrum, assuming flat-sky and Limber approximations. The redshift range up to 2.5 is divided into 10 equally populated redshift bins. As for galaxy clustering, we include non linear corrections from Halofit [53] . Here the theoretical uncertainty on small scales is accounted for using a redshift dependent cut-off in Fourier space, that is then converted into a bin dependent cut-off in multipole space. Notice that this case, although labeled as realistic, already contains some optimistic assumptions, such as the perfect foreground cleaning in the CMB future surveys, as well as the modeling of the bias tuned by only two additional nuisance parameters. However, here we are not aiming at producing realistic forecast of the sensitivity of future cosmological surveys (see Ref. [64] for the official Euclid Fisher forecast). -GC: the limiting flux is set to 0.5 × 10 −16 erg cm −2 s −1 , 6 times smaller than the expected one from NISP (table 3 Model 1 of Ref. [54] ); the additional nuisance parameters accounting for uncertainties on bias modeling are removed -IM: the additional nuisance parameters accounting for uncertainties on bias modeling and on the redshift dependence of hydrogen distribution are removed Extreme: With respect to the optimistic case, here we assume that in WL, GC, and IM, there is no theoretical uncertainty on the modeling of non-linear clustering on small scales.
For each of the "pessimistic", "optimistic" and "extreme" cases, we fitted NH to NH, DH to NH, IH to IH and DH to IH. For each of these twelve fits, we produced MCMC chains with the package MontePython 3.1 [65, 66] . Additionally we used the MCEvidence package [67] to compute the Bayes factors. We assumed flat priors on the parameters listed in table 1. Our prior boundaries are wide enough to ensure that the likelihood and each posterior probability become negligible on the two edges; this means that our results (including the calculation of the Bayes factors) do not depend explicitly on the prior edges.
As can be seen from Fig.8 , in all cases the Bayesian evidence factor of the model with the correct hierarchy is very close to that with the degenerate mass approximation, such that | ln(B NH,IH /B DH )| < 1. This corresponds to inconclusive on Jeffrey's scale [68] . Thus, for a fiducial total mass of 0.10 or 0.15 eV, the experimental data will never allow us to discriminate between the different hierarchies. Regarding parameter reconstruction bias, we find that the estimate of the neutrino mass sum is not affected by using the approximate DH model, even in the "extreme" case. However, in that case, we notice that the estimated mean value of ln(10 10 A s ) is shifted by ∼ 1σ in the NH case with respect to the fiducial value (see The presence of such a bias in the estimated mean values indicates that, as we already discussed in Section 2.5, once the theoretical error is removed, the deviation in the observables is above the observational error, and thus can in principle be detected. However, as it often occurs in cosmology, this potential signal is limited by degeneracies with other cosmological parameters that can compensate for it.
Discussion and conclusions
Over the past decade cosmology has been providing increasingly accurate constraints on neutrino physics. In the near future, while a significant evidence for a non zero neutrino mass sum seems to be within the capacity of future cosmological surveys, it is still under debate whether it will be possible to disentangle the single mass eigenstates.
In this paper we have discussed in detail the physical effects related to the neutrino mass splittings on the background and perturbation quantities determining the cosmological observables at high redshifts (CMB) as well as in the local Universe (galaxy clustering and weak lensing). We have quantified this impact in terms of the deviation of each hierarchy (Normal Hierarchy -NH, and Inverted Hierarchy -IH) with respect to the degenerate case (DH), at the minimum mass allowed by oscillations (0.06 eV for NH and 0.10 eV for IH). This choice is motivated by the fact that the deviation of IH or NH from DH are larger than those between IH and NH, as we have shown both for the CMB spectra and for the LSS observables. For CMB, the lensed and unlensed spectra of CMB temperature, E-modes and B-modes polarization, show deviations at the per mille level, i.e., within cosmic variance. Concerning low redshift probes, the relative difference in the weak lensing angular power spectrum between NH or IH and DH is 0.4%, within the observational error of a future photometric survey like Euclid. On the other hand, the relative difference in the galaxy clustering power spectrum ( 0.6%), although above the observational error, is well below the modeling uncertainties (e.g., redshift space distortions, scale dependent non-linear bias, non-linear clustering, baryonic feedback) that affect the reconstruction of the observables from raw data.
Besides studying the impact of the neutrino mass splittings at a theoretical level, we have also performed a MCMC forecast of the sensitivity of forthcoming and futuristic cosmological surveys to the hierarchy, computing the Bayesian evidence of NH or IH versus DH. We obtained that the Bayesian evidence of either IH or NH over DH is inconclusive. Indeed, even if we were able to keep under control all theoretical and systematic errors, and to model the galaxy power spectrum at ∼ 0.1% accuracy down to very small scales k > 10 h/Mpc, the presence of correlations with other cosmological parameters would be enough to mimic the tiny deviations induced by the hierarchies. As a consequence of our theoretical discussion, this result also implies that it is unlikely that cosmology alone will ever be able to provide a direct detection of the neutrino mass hierarchy. The only exception might be represented by futuristic 21 cm surveys (e.g., the Fast Fourier Transform Telescope [69] ) mapping an extremely large volume of the Universe, thus, constraining the growth of structure at the epoch of reionization (or even at the cosmic dawn), when it was not affected by non-linearities or baryonic feedback. However, the presence of foregrounds makes it unclear whether it will ever be possible to reach such an accuracy from 21 cm intensity mapping.
Therefore, a direct detection of the neutrino mass hierarchies relies on future groundbased neutrino oscillation experiments, such as the Deep Underground Neutrino Experiment (DUNE) [70, 71] and the Jiangmen Underground Neutrino Observatory (JUNO) [72] .
Nevertheless, if nature has chosen the neutrino mass to be (close to) the minimum of the normal hierarchy, cosmology will be able to measure it with such high precision that this will rule out the inverted hierarchy with high statistical significance (see, e.g., Refs. [32, 59] ). However, even in this best case scenario, fits to purely cosmological data can be carried out assuming the degenerate mass scheme approximation without introducing any bias in the results.
Finally, consider that embedding the prior knowledge on neutrino mass splittings into the cosmological analysis, although physically motivated, might hide the presence of stumbling blocks within the cosmological data, their modeling, or the cosmological model itself. For instance, if cosmological data preferred a massless neutrino Universe or a neutrino mass sum smaller than the minimum allowed by oscillations, it would be important to observe this discrepancy and to investigate its cause. A careful comparison between cosmological and laboratory results should always be performed before combining cosmological data with neutrino oscillations in a joint analysis.
